This paper presents a finite element model for free vibration and buckling analyses of functionally graded (FG) sandwich beams by using a quasi-3D theory in which both shear deformation and thickness stretching effects are included. Sandwich beams with FG skins-homogeneous core and homogeneous skins-FG core are considered. By using the Hamilton's principle, governing equations of motion for coupled axial-shear-flexural-stretching response are derived. The resulting coupling is referred to as fourfold coupled vibration and buckling. Numerical examples are carried out to investigate the thickness stretching effect on natural frequencies and critical buckling loads as well as mode shapes of sandwich beams for various power-law indexes, skin-core-skin thickness ratios and boundary conditions.
A quasi-3D theory for vibration and buckling of functionally graded sandwich beams 
Introduction
In recent years, there is a rapid increase in the use of functionally graded (FG) sandwich structures in aerospace, marine and civil engineering due to high strength-to-weight ratio. With the wide application of these structures, more accurate theories are required to predict their vibration and buckling response. Amirani et al. [1] used the element free Galerkin method to study free vibration analysis of sandwich beam with FG core. Bui et al. [2] investigated transient responses and natural frequencies of sandwich beams with FG core. Vo et al.
[3] studied vibration and buckling of sandwich beams with FG skins -homogeneous core using a refined shear deformation theory. It should be noted that the above mentioned studies ( [1] - [3] ) neglected the thickness stretching effect, which becomes very important for thick plates [4] . In order to include shear deformation and thickness stretching effects, the quasi-3D theories, which are based on a higher-order variation through the thickness of the in-plane and transverse displacements, are used. By using these theories, although a lot of work has been done for isotropic and sandwich FG plates ( [5] - [14] ), the research on FG sandwich beams is limited. Carrera et al. [15] developed Carrera Unified Formulation (CUF) using various refined beam theories (polynomial, trigonometric, exponential and zig-zag), in which non-classical effects including the stretching effect were automatically taken into account. Recently, he and his co-workers also used CUF to investigate the free vibration of laminated beam [16] and FG layered beams [17] . As far as authors are aware, there is no work available using the quasi-3D theories to study vibration and buckling of FG sandwich beams in a unitary manner. This complicated problem is not well-investigated and there is a need for further studies.
In this paper, which improves the previous research [3] by including the thickness stretching effect, a finite element model for free vibration and buckling analyses of FG sandwich beams by using a quasi-3D theory is presented. Sandwich beams with FG skins-homogeneous core and homogeneous skins-FG core are considered. Governing equations of motion are derived by using the Hamilton's principle. A two-noded C 1 beam element with six degree-of-freedom per node is developed. Numerical examples are carried out to investigate the thickness stretching effect on natural frequencies and critical buckling loads as well as mode shapes of sandwich beams for various power-law indexes, skin-core-skin thickness ratios and boundary conditions.
Theoretical Formulation

FG sandwich beams
Consider a FG sandwich beam with length L and rectangular cross-section b × h, with b being the width and h being the height. For simplicity, Poisson's ratio ν, is assumed to be constant. Young's modulus E and mass density ρ are expressed by [18] :
where subscripts m and c represent the metallic and ceramic constituents, V c is volume fraction of the ceramic phase of the beam. Two types of FG sandwich beams are considered : 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 2.1.1. Type A: sandwich beam with FG skins -homogeneous core
The bottom and top skin is composed of a FG material, while, the core is ceramic (Fig. 1a) . For Type A, V c is obtained as:
where k is the power-law index.
Type B: sandwich beam with homogeneous skins -FG core
The bottom and top skin is metal and ceramic, while, the core is composed of a FG material (Fig.   1b ). For Type B, V c is obtained as:
Constitutive Equations
The linear constitutive relations are given as:
whereC * 11 =C 11 −C 2 12
If the thickness stretching effect is omitted (ǫ z = 0), elastic constants C ij in Eq. (5) are reduced as:
Kinematics
This paper extends a refined shear deformation theory from previous research [3] by including the thickness stretching effect. The new displacement field is assumed to be [19] :
where u, w b , w s and w z are four unknown displacements of mid-plane of the beam. It should be noted that the new component g(z)w z (x, t) in Eq. (7b) is added to investigate the thickness stretching effect on the vibration and buckling of FG sandwich beams.
The only non-zero strains are:
Variational Formulation
The variation of the strain energy can be stated as:
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The variation of the potential energy by the axial force P 0 can be written as:
The variation of the kinetic energy can be expressed as:
where
By using Hamilton's principle, the following weak statement is obtained:
Governing Equations of Motion
By integrating Eq. (14) by parts and collecting the coefficients of δu, δw b , δw s and δw z , the governing equations of motion can be obtained: By substituting Eqs. (4) and (8) into Eq. (10), the stress resultants can be expressed in term of displacements:
By substituting Eq. (16) into Eq. (15), the governing equations of motion can be expressed in term of displacements:
Finite Element Formulation
A two-noded C 1 beam element with six degree-of-freedom per node is developed. Linear polynomial Ψ j is used for u and w z and Hermite-cubic polynomial ψ j is used for w b and w s . The generalized displacements within an element are expressed as: 
By substituting Eq. (19) into Eq. (14), the finite element model of a typical element can be expressed:
where the explicit forms of element stiffness matrix [K], geometric stiffness [G] and mass matrix [M ] are given by: 
In Eq. (20), {∆} is the eigenvector of nodal displacements corresponding to an eigenvalue:
Numerical Examples
In 
FG beams
As the first example, the results of FG beams computed by the present theory are compared with those obtained using the first-order beam theory (FOBT) of Li and Batra [20] and Nguyen et al. [21] and the higher-order beam theory (HOBT) of Vo et al.
[3], Simsek [22] and Thai and Vo [23] . It 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 should be noted that Li and Batra [20] used ν m = ν c = 0.23. Comparisons are given in Tables 1 and   2 for FG beams with various configurations. A good agreement between present results and previous solutions can be observed. It can be seen that the results from FOBT and HOBT due to ignoring the thickness stretching effect (ǫ z = 0) are slightly underestimate when comparing with those from the present theory (quasi-3D, ǫ z = 0). This effect is more pronounced on thick beams (L/h = 5) and is a little greater for clamped-clamped (C-C) beams as compared with simply-supported (S-S) and clamped-free (C-F) ones.
FG sandwich beams
In order to demonstrate the validity of the present model further, a cantilever sandwich beam with L=200 mm and cross-section 20 mm×20 mm is considered. The core with the thickness t c = 14 mm is made of Aluminum and Zirconia (Al/ZrO 2 ) and faces with the thickness t f = 3 mm are made of Steel (Fe), whose material properties are:
five natural frequencies are given in Table 3 along with results of Bui et al. [2] using 3D finite element model (ANSYS) and meshfree method as well as of Mashat et al. [17] using the Carrera Unified Formulation (TE8 zz and E4-4 2 ). It can be seen that the solutions obtained from the proposed theory are in excellent agreement with those obtained from previous results, especially with CUF model, which included the stretching effect.
In the next example, Tables 4-11 give the results of sandwich beams of Type A with different skin-core-skin thickness ratios and (1-8-1) sandwich beams of Type B and compare with those using
. It is clear that for Type A they decrease with the increase of k and decrease of skin-coreskin thickness ratio. It can be seen again that the results with the thickness stretching effect (ǫ z = 0) are higher than those without it (ǫ z = 0). As the span-to-height ratio increases, these differences decrease, which can be predicted since the thick beams sketch more in thickness direction. Moreover, Type B beams are slightly more sensitive than Type A even for L/h = 20, especially for buckling results (Table 11 ). The buckling mode shapes of sandwich beams of Type B with various power-law indexes (k = 0, 1 and 10) using HOBT and present theory are illustrated in Fig. 2 . Due to coupling from thickness stretching effect, they are slightly different. For HOBT, when the beam is buckling exhibits triply coupled mode (u, w b and w s ), whereas, for quasi-3D theory, it displays fourfold coupled mode (u, w b , w s and w z ). Fig. 3 plots the natural frequencies and critical buckling loads versus slenderness ratio of (1-0-1) and (1-8-1) sandwich beams of Type A. Due to core layer, the effect of k on (1-8-1) sandwich beams is smaller than that of (1-0-1) ones. As expected, the bottom and top curves correspond to metal beams and ceramic ones. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Finally, the first fourth natural frequencies of (2-1-1) sandwich beams of Type A and B are given in Tables 12 and 13 . As expected, the results from HOBT are smaller than those from the present theory.
In Figs. 4 and 5, the first four vibration modes of sandwich beams with k = 1 is presented. It can be seen that all vibration mode shapes show fourfold coupled mode (axial-shear-flexural-sketching) for present theory and triply coupled (axial-shear-flexural) mode for HOBT. It is from this fourfold coupled mode that highlights the effect of thickness stretching on the vibration and buckling of sandwich beams. This mode is never seen in the HOBT [3] because the thickness stretching effect is not present.
It confirms again that this effect is important and should be considered in analysis of thick and moderately thick sandwich beams. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 [3] T. P. Vo, H.-T. Thai, T. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65 The first five natural frequencies of a cantilever sandwich beam with a FG core and isotropic faces (k=1). Table 4 : The fundamental natural frequencies of FG sandwich S-S beams (Type A). Table 5 : The fundamental natural frequencies of FG sandwich C-C beams (Type A). Table 6 : The fundamental natural frequencies of FG sandwich C-F beams (Type A). Table 7 : The critical buckling loads of FG sandwich S-S beams (Type A). Table 8 : The critical buckling loads of FG sandwich C-C beams (Type A). Table 9 : The critical buckling loads of FG sandwich C-F beams (Type A). The first four natural frequencies of (2-1-1) FG sandwich beams (Type A, L/h = 5). Table 13 : The first four natural frequencies of (2-1-1) FG sandwich beams (Type B, L/h = 5). Table 3 : The first five natural frequencies of a cantilever sandwich beam with a FG core and isotropic faces (k=1). Table 4 : The fundamental natural frequencies of FG sandwich S-S beams (Type A). Table 5 : The fundamental natural frequencies of FG sandwich C-C beams (Type A). Table 6 : The fundamental natural frequencies of FG sandwich C-F beams (Type A). Table 7 : The critical buckling loads of FG sandwich S-S beams (Type A). Table 8 : The critical buckling loads of FG sandwich C-C beams (Type A). Table 9 : The critical buckling loads of FG sandwich C-F beams (Type A). Table 10 : The fundamental natural frequencies of (1-8-1) FG sandwich beams (Type B). Table 11 : The critical buckling loads of (1-8-1) FG sandwich beams (Type B). Table 12 : The first four natural frequencies of (2-1-1) FG sandwich beams (Type A, L/h=5). Table 13 : The first four natural frequencies of (2-1-1) FG sandwich beams (Type B, L/h=5). Table 6 : The fundamental natural frequencies of FG sandwich C-F beams (Type A). Table 7 : The critical buckling loads of FG sandwich S-S beams (Type A). Table 9 : The critical buckling loads of FG sandwich C-F beams (Type A). Table 10 : The fundamental natural frequencies of (1-8-1) FG sandwich beams (Type B). Table 11 : The critical buckling loads of (1-8-1) FG sandwich beams (Type B). 
Conclusions
Acknowledgements
-K. Nguyen, A. Maheri, J. Lee, Finite element model for vibration and buckling of functionally graded sandwich beams based on a refined shear deformation theory, Engineering
CAPTIONS OF TABLES
k Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 1-8-1 L/h=5k Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 1-8-1 L/h=5k Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 1-8-1 L/h=5BC Reference k = 0 k = 0.5 k = 1 k = 2 k = 5 k = 10 L/h=5BC Reference k = 0 k = 0.5 k = 1 k = 2 k = 5 k = 10 L/h=5
CAPTIONS OF FIGURES
